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Abstract 
It is observed that the age of 10–12 years which is critical in terms of both dimensional structures and of 
logical considerations also influences the ability of abstraction which correlates with a pupil’s ability to work 
with the basic logical operators. It is this assumption that leads to the question what logical reasoning in 
terms of understanding logical connections and general and existential quantifier are pupils of primary school 
capable of and what impact different approaches or methods in teaching have on this ability. It is necessary 
to describe the target group in terms of cognitive, verbal and also neurological development in relation to 
cognitive functions and logical thinking. Also discussed were the issues of the possibility of defining and 
measuring the logical thinking level, of the effect of gender on the level of logical thinking or of influence of its 
level on a pupil’s assessment in mathematics.  
The testing was carried out on 420 respondents attending the fourth and fifth year of primary schools in the 
Czech Republic. About half of these respondents attend schools that use conventional methods and about 
half attend schools with other methods.  
It is interesting that pupils taught, for example, according to methodologies based on the principles of 
constructivism reached a higher score in the test focusing on the level of logical thinking than pupils that are 
taught according to conventional values. However, the survey of statistical significance showed that this 
difference is not statistically significant. In contrast, the influence of ability to understand basic logical 
connections on school assessment seems to be significant. The issue of gender influence or other 
intervening variables on a pupil’s ability to work with the basic logical operators is further discussed in the 
article.  
 
Keywords: abstraction, logical thinking, logical connections 

1. INTRODUCTION  

There are three sub-areas reflected in the psychological development of a child whose development and 
mutual interaction cannot be separated. They are bio-social, psycho-social and cognitive development 
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(Vágnerová, 2005). Although cognitive psychology can be considered a separate discipline it is in many 
ways related to neuroscience, linguistics, anthropology and many other scientific disciplines (Sternberg, 
2002). Vágnerová states that the development of thinking among younger pupils is reflected particularly in 
using strategies of thinking in new ways that respect the basic rules of discovered reality and principles of 
logic or logical thinking with its significant characteristics, such as decentration, conversation and 
reversibility. The research described in this article focuses on 7 – 11 year-old pupils which is the period that 
Piaget (1970) called the period of concrete logical operations. At this age, it is the period in which the 
individual already distinguishes between form and content. Based on that distinction the pupil is able to 
properly reflect on statements which he or she does not trust (i.e. statements in the form of hypotheses). 
Such moments can be considered the beginning of the hypothetical-deductive or formal thinking (Piaget, 
2010).  
The pupil’s ability of formal thinking that can be considered a precursor of logical thinking is closely related 
with one’s expressions because the use of language is unique and important manifestation of human 
thinking. In concordance with its development of the ability to communicate through symbols language and 
thinking is so strongly intertwined that it is impossible to separate them (Ruisel, 2000). For instance, Carrol 
(1972) explained in his publication on logical thinking in the example of conversation between two partners. 
One of them says: “That’s logical” and expresses that his statement derives irretrievably from other, already 
said and proven statements. So it happens commonly that this statement is not true under the laws of formal 
logic. Logic is generally understood as a certain process of thinking or the ability to think, or more precisely 
reason, i.e. to draw conclusions from the given knowledge and ideas.  
With the pupil’s entrance to first grade of elementary school appears the so-called cognitive revolution which 
is a change in the way of thinking that is very important for the following development of cognitive process 
(Steinberg, Belsky, 1991). It is observed that the age 10–12 years which is critical in terms of both 
dimensional structures and of logical considerations also influences the ability of abstraction which correlates 
with the pupil’s ability to work with the basic logical operators. It is this assumption that leads to the question 
what logical reasoning in terms of understanding logical connections and general and existential quantifier 
are pupils of a primary school capable of and what impact different approaches or methods in teaching have 
on this ability. This issue is further discussed in the following text.  
 

2. THEORETICAL BASIS OF THE DISCUSSED ISSUE  

Among the basic theoretical background of the researched issue belongs without any doubt the definition of 
the terms logic, logical thinking and placement of the research into a broader theoretical framework which is 
the teaching of logic at elementary schools in the Czech Republic.  

2.1 Characteristics of the terms logic and logical thinking 

Logic is considered an independent mathematical discipline that can be defined in two methods. The first is a 
method based on psychological perspective which describes logic as a scientific discipline exploring train of 
thought that leads to the right conclusions (Hallet, 1994). The second, mathematical approach, defines logic 
as a formal science exploring ways of thinking and selection of conclusions from previous premises (Chytrý, 
Pešout, Říčan, 2014). It is obvious that thinking according to laws of formal logic is closely related to the 
reasoning that Descartes and Bacon divided into two basic forms – deduction

1
 and induction

2
. According to 

van Wijk (2006) non-equivalence of logical systems and natural language is caused, among other reasons, 
by the way the brain processes negation. Frege (1992), in contrary, shows that the reason why logic is so 
difficult to grasp is, in fact, the way it correlates with language that we use on an everyday basis. This issue 
is discussed in detail by Svoboda and Peregrin (2009). They not only describe the differences in the 
meaning of phrases in the concept of modern logic from their meaning in everyday speech but also mention 
complex systems of many-value logics. There is a considerable number of concepts of logical thinking. For 
the purposes of the research described in this paper the logical thinking will be considered a process where 
an individual attenuates the content of each piece of information and consistently uses various 
judgments and their chaining to get a valid conclusion from the initial assumptions.   

 

                                                           
1
 Deduction is a method to show that one theory emerges from another (Cryan, 2002). 

2
 Induction is a method used to derive a general rule from several examples (Sternberg, 2002) 
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2.2 Teaching Logic at elementary schools in the Czech Republic 

Starting in 2005, there was an educational reform in the Czech Republic aimed at documents specifying 

objectives of educational systems. The Framework educational programs (FEP) for individual stages of 

education were developed at the state level. This paper is based on the FEP for elementary education in 

which mathematics is included in educational field Mathematics and its applications. In the aim of the 

educational area it is explicitly stated: “development of combinatorial and logical thinking, critical judgment 

and comprehensive and factual argumentation by solving mathematical problems; development of abstract 

and exact thinking.” The results of Czech pupils in mathematics did not develop very favorably in recent 

years (information based on TIMSS and PISSA results 2007). The goal of this paper, however, is not to find 

a reason for that but to analyze the pupil’s ability to work with basic logical connections and to find out to 

what extent the use of different methodologies affect this ability.  

3. RESEARCH METHODOLOGY  
 
3.1 Research problems, objectives and hypotheses  

The research described in this paper focuses on verification of three research problems/questions. The first 
one is of descriptive and the others of relational character: 
 

 To what extent are pupils of fourth and fifth grades able to work with basic
3
 logical operators? 

 How is the pupil’s ability to work with logical operators reflected in one’s school evaluation? 

 What is the difference in logical thinking between students working with textbooks published in the Fraus 
publication that follow the concept

4
 of professor Hajný’s mathematics and other students?  

 
In order to verify these research problems/questions it was necessary to define the following objectives: 

 Design a research tool that verifies the student’s ability to work with basic logical operators and is suitable 
for pupils of the fourth and fifth grade. 

 Determine whether the ability to work with logical operators is reflected in school evaluation. 

 Determine whether the use of different methodologies affect the pupil’s ability to work with logical 
operators within the laws of formal logic.  

There are several hypotheses related to the individual goals or research questions. These hypotheses are 
not connected to the first research problem as that is descriptive in nature.   

H1: Pupil’s school evaluation depends on one’s ability to work with logical operators. 

H2: Pupils that are taught according to methodologies based on the constructivist approach are more 
successful in their work with logical operators then pupils that are taught with other methodologies.  

For each of these hypotheses there was always a null hypothesis formulated resulting from the nature of the 
data and statistical tool.  

3.2 Selection of respondents/data collection  

During the selection of respondents (pupils of fourth and fifth grades), the mental development of the 
individual that is characterized by the onset of concrete logical operation or abilities to reason according to 
logical rules was taken into consideration as well as the abstraction phase. This phase lasts from 12 to 30 

                                                           
3
 The basic logical connections include conjunction, disjunction, negation, implication, and equivalence. 

Besides these logical connections is the ability to work with negation, general quantifier, and existential 
quantifier or to solve modified or reversed statement.  
4
 This concept is based on the principles of the ten fundamental rules of constructivism and therefore it can 

be said that these methodologies are designed on the basis of constructivism.  
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years of age when abstract thinking is being developed. The target group is in the so-called dimensional 
structures period or eventually period of logical operations (Vágnerová, 2005). 
The total number of respondents is shown in table 1. The first two schools (ZŠ Na Stráni from Děčín and ZŠ 
Bílá cesta from Teplice) work with conventional methodologies that are based mainly on the transmissive 
way of teaching. The other two (ZŠ T. G. Masaryka in Česká Kamenice and ZŠ Chomutov) used 
methodologies based on the constructivist approach of teaching and schema theory. For the purpose of this 
paper, the groups working with methodologies based on the constructivist approach are called constructivist 
methodologies in the tables.  

Number of pupils ZŠ Na Stráni ZŠ Bílá cesta ZŠ T. G. Masaryka ZŠ Chomutov Total 

4th grade 53 48 53 62 216 

5th grade 40 55 52 57 204 

Total 93 103 105 119 420 

Tab. 1: Number of respondents 

3.3 Design of research tool  

If the task is to determine the student’s ability to work with the basic logical operators then it is necessary to 
obtain an evaluation indicator. One option is to alternatively encode individual items (0 – student answered 
incorrectly, 1 – student answered correctly, blank spaced is used to mark that the student did not answer). 
This method makes it possible to interpret the arithmetic average of the measured values as an appropriate 
estimation of p parameter of alternative distribution, i.e. the probability that a randomly selected student 
answers the question correctly. Therefore, if the value a pupil obtains is 0.56 then this value, in fact, refers to 
the fact that the pupil manages the items focused on basic pupil logical connections with a probability of 56 
%. This number will be, for the purposes of this paper, called level of student’s logical thinking. The second 
option to evaluate testing is to evaluate each of the items separately which requires the use of four-field table 
and Pearson’s chi-square test. 

 The following table (tab. 2) demonstrates the focus of individual test items used in the research. The 
design of this test is based on the design of standardized tests, such as the test of cognitive abilities, 
Wechsler Intelligence Test and Intelligence Structure Test (IST-R). 
 

Task Type of researched ability 

1 Ability to work with logical operator – conjunction 

2 Abstraction ability in geometry 

3 Ability to work with quantifiers 

4 Ability to work with quantifiers 

5 Abstraction ability in geometry 

6 Abstraction ability in arithmetic 

7 Ability to work with quantifiers 

8 Negation of complex proposition 

9 Ability to work with logical operator – conjunction 

10 Ability to work with logical operator – disjunction 

11 Ability to work with complex propositions 

12 Ability to work with logical operator – disjunction 

13 Ability to work with “Zebra Puzzle” tasks 

Tab. 2: The focus of individual items 

From this table it is clear that there was also an item focused on the finding of numeric patterns included in 
the test (item 6) and items aimed at the finding of geometrical patterns (items 2 and items 5). These items 
were included to examine the impact of abstraction on the pupil’s ability to work following the rules of formal 
logic as one of the crucial factors that can affect the testing.  
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4. RESEARCH EVALUATION  

The research evaluation was divided into two parts. The first part is dedicated to descriptive analysis and 
outline of fundamental differences between experimental groups. In the second part the statistical 
significance of these differences is verified. Also reflection of the pupil’s ability to work with basic logical 
connections on one’s school evaluation is mentioned in the research evaluation.  

4.1 Elementary descriptive analysis of the measured values  

It is interesting to observe the differences in the pupil’s results not only in the whole test but when individual 
items are compared. For clarity, the individual outputs of descriptive analysis are presented in the following 
table (Tab. 3).  
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 A 70 % 75 % 33 % 39 % 64 % 84 % 88 % 58 % 69 % 71 % 80 % 

B 56 % 51 % 17 % 19 % 64 % 60 % 83 % 40 % 59 % 56 % 72 % 

C 42 % 41 % 9 % 9 % 47 % 47 % 76 % 20 % 41 % 21 % 76 % 

D 34 % 10 % 0 % 0 % 60 % 50 % 70 % 10 % 30 % 10 % 50 % 

E --- --- --- --- --- --- --- --- --- --- --- 
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 A 70 % 74 % 32 % 44 % 81 % 82 % 88 % 57 % 73 % 71 % 79 % 

B 66 % 60 % 18 % 45 % 79 % 78 % 91 % 44 % 65 % 59 % 88 % 

C 44 % 58 % 3 % 10 % 65 % 39 % 84 % 26 % 42 % 29 % 68 % 

D 40 % 13 % 0 % 13 % 38 % 63 % 63 % 13 % 50 % 13 % 75 % 

E --- --- --- --- --- --- --- --- --- --- --- 

Tab. 3: Percentage evaluation of individual items 

The fundamental differences that occur between the two groups of respondents should be specified. When 
only the best pupils from both groups are compared then the differences are barely noticeable. However, 
when the focus is on the respondents with evaluation between B and D then some nuances start to appear. 
It is interesting that some of the items were more suitable for the respondents taught by traditional 
methodologies and other items than for the respondents taught by methodologies based on constructivism. 
Explanation and deeper analysis will be done when it is verified whether there is  
a statistically significant difference. It is the issue of significance that the whole next chapter is focused on. If 
a similar descriptive analysis was done with the exception that it would not only focus on the testing as a 
whole but also the basic difference between boys and girls then it would seem like there is barely any 
difference between them, as can be observed in the following table:   

Gender 
and 
age 

Traditional methodologies Constructivist methodologies  

Mark Number Percentage Median Mark Number Percentage Median 

Boys 
4th 

grade 

A 17 59 % 54 A 26 59 % 62 

B 12 58 % 54 B 13 60 % 62 

C 4 59 % 54 C 6 57 % 62 

D -------- -------- -------- D -------- -------- -------- 

Girls 
4th 

grade 

A 27 58 % 54 A 24 60 % 62 

B 12 58 % 54 B 21 66 % 62 

C 3 61 % 62 C 3 51 % 46 

D 1 46 % 46 D 1 23 % 23 

Boys A 16 59 % 62 A 14 63 % 62 
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5th 
grade 

B 16 56 % 54 B 20 63 % 62 

C 5 61 % 62 C 8 60 % 62 

D -------- -------- -------- D 1 54 % 54 

Girls 
5th 

grade 

A 22     59 % 62 A 13 65 % 69 

B 13 58 % 58 B 24 64 % 69 

C 7 56 % 54 C 10 59 % 62 

D 1 38 % 38 D 6 59 % 62 

Tab. 4: Elementary descriptive statistics in dependence on gender 

The table shows that there are not significant differences between girls and boys regardless to whether they 
are at fourth and fifth grade or by what methodology they are being taught. This is attributed to the fact that 
the logical thinking is closely related to abstraction and as Gardner states (2000), there is a difference of 
abstraction between men and women only when their IQ is higher than 135. It is assumed that the 
respondents of this research do not reach such high IQ values.  

4.2 Research Evaluation  

The evaluation of the research is divided into several parts. The first part is dedicated to the analysis of 
obtained data and then the focus is on the significance of the differences between the examined groups of 
respondents. To be able to choose an appropriate statistical method for hypothesis Hx verification it is 
necessary to verify the normality of the data. The verification of normality was based on the Shapiro-Wilk 
test. The p-level values are shown in the following table (5). For more detailed examination of the sample, 
the respondents were further divided according to classes.  

The researched areas P-level value 

4th grade – pupils taught according to prof. Hejný’s methodology  p=.0108 

4th grade – pupils taught according to traditional methodology p=.0145 

5th grade – pupils taught according to prof. Hejný’s methodology p=.0012 

5th grade – pupils taught according to traditional methodology  p=.0091 

Tab. 5: Testing of normality  

Because the p-level values are less than 0.05 in all the researched areas the null hypothesis of normality 
data can be rejected for every part. Therefore, the statistical methods corresponding with data of 
nonparametric character will be used.  

4.2.1 The influence of used methodology on pupil’s ability to work with logical operators 

In this part of the article the impact of the used methodology on the pupil’s ability to work with logical 
operators will be examined. The entire evaluation will be done in two ways. In the first part, the focus is on 
the overall results of the test (so the individual’s ability to abstract will not be taken into consideration). In the 
second part, the focus is on each of the items individually. Due to the large number of respondents, the 
evaluation is always divided into groups of fourth graders and fifth graders. Their overall success is 
demonstrated in the following table: 

 Constructivist methodologies  Traditional methodologies  

4th grade 38,26 % 50,45 % 

5thgrade 52,29 % 34,73 % 

Tab. 6: Success of respondents according to the methodologies 

It is obvious that there is not any large difference between the two methodologies. To verify whether the 
difference is statistically significant, it was necessary to design the following null hypotheses for the above-
mentioned factual hypothesis. The null hypothesis had to then be verified with the appropriate statistical 
methods.  

H1a-0: Medians of the values, corresponding with the level of fourth graders’ and fifth graders’ logical thinking 
that are taught according to constructivist methodologies and according to traditional values, are equal.  
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Due to the fact that the data is of nonparametric character and of metric type, the Mann-Whitney test will be 
used for their comparison. The determined p-level values were p=.342 for fourth graders and p=.383 for fifth 
graders. Based on the p-level values it is possible to conclude that the differences in understanding of basic 
logical connections between pupils taught by traditional methods and pupils taught by constructivist methods 
are not significant.  

The next section of the paper focuses on analysis of individual items. In the following table the p-level values 
for Pearson’s chi-square test for four-field and contingency table are shown to verify the null hypothesis H1b-0. 

H1b-0: Medians of values, corresponding with individual items aimed at the ability to correctly work with basic 
logical operators among pupils of fourth and fifth grades that are taught according to constructivist 
methodologies and pupils that are taught according to traditional methodologies are equal.  

Item number Type of researched ability 4th grade 5th grade 

1 Abstraction ability in geometry p=.69 p=.46 

3 Ability to work with quantifiers p=.89 p=.13 

4 Ability to work with quantifiers p=.33 p=.61 

7 Ability to work with quantifiers p=.24 p=.07 

8 Negation of complex proposition p=.74 p=.14 

9 Ability to work with logical operator – conjunction p=.62 p=.50 

10 Ability to work with logical operator – disjunction p=.40 p=.04 

11 Ability to work with logical operator – conjunction p=.55 p=.009 

12 Ability to work with logical operator – disjunction p=.56 p=.85 

13 Ability to work with “Zebra Puzzle” tasks p=.69 p=.58 

Tab. 7: Evaluation of the difference among individual items  

Statistically significant differences between the respondents with different didactic materials can be observed 
only in items aimed at the ability to work with logical operator disjunction and with logical operator 
conjunction. The problem is that when the respondents work with logical operators disjunction and 
conjunction this difference does not occur every time (see item 9 or 12). 

4.2.2 Reflection of pupil’s logical thinking in his or her school evaluation  

This section relates to hypothesis H2: Pupil’s school evaluation is dependent on his or her ability to work with 
logical operators. Due to the fact that the data of logical thinking are of the nonparametric character (metric 
type) and school evaluation data are of ordinal type, Kruskal-Wallis test was used and the following null 
hypothesis was established:    

H2-0:  Median values of logical thinking among pupils of fourth grade in different evaluation levels are equal.  

This hypothesis was also examined separately for pupils of fourth and fifth grades working with both above-
mentioned methodologies. P-level values are in the following table: 

The researched areas P-level values 

4th grade – pupils taught according to prof. Hejný’s methodology p=.0023 

4th grade – pupils taught according to traditional methodology p=.0006 

5th grade – pupils taught according to prof. Hejný’s methodology p=.0000 

5th grade – pupils taught according to traditional methodology p=.0000 

Tab. 8: P-level values in Kruskal-Wallis test  

Based on the obtained p-level values it is possible to reject the null hypothesis in all areas surveyed at the 
one percent significance level. The hypothesis H2 can be, therefore, confirmed and it is possible to conclude 
that the level of logical thinking of the pupil is reflected in his or her school evaluation regardless the used 
methodology.   
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5. CONCLUSION  

The issue of logical thinking is already quite well mapped. For instance, Kaslová (2010) focused on the 
transition from reasoning to judgement in her five-year study at kindergartens. Her study was based on 
stimulation of children playing various types of games used to stimulate logical thinking. However, it is not 
possible to find a publication aimed at comparing the pupils’ ability to work with basic logical operators with 
regard to the methodologies by which they are taught. The research showed that there is a significant 
difference between the two groups of respondents only when each of the items is examined individually. This 
difference occurs only among the items focused on the ability to work with logical operators, more specifically 
conjunction and disjunction. If the difference was found among all the items focused on logical connections it 
would be possible to conclude that a pupil is mainly influenced by the used methodologies in the given area. 
Given the fact, however, that this difference was only exceptional, it is not possible to state that the use of 
methodologies has an impact on a pupil’s ability to work with the basic logical operators. It is very clear that 
the research result can be influenced by a number of other factors, from respondent’s gender to teacher’s 
approach. For this reason, there will be a continuation in the research on this issue.  
Another researched area was to determine whether a pupil’s ability to work with basic logical operators is 
reflected in one’s school evaluation. In the overall assessment based on percentage of all items of the test 
and subsequent statistical evaluation, this hypothesis was confirmed for both grades and in both examined 
methodologies. Thus, it is possible to conclude that a pupil’s ability to work with basic logical operators is 
reflected in his or her school evaluation. The question then is why so few hours are devoted to the issue of 
logical connections.  
It is obvious that based on this research the quality of the examined methodologies and their direct effect on 
the cognitive abilities of an individual cannot be evaluated in general. It would be, for example, very 
interesting to evaluate the two methodologies from a didactic point of view, for instance, based on Průcha’s 
method (Průcha, 1998). Surely it would be useful to observe what results pupils that are taught according to 
constructivist methods achieve in mathematics and logical thinking in following grades. An important 
determinant could also be the interest and enthusiasm for mathematics lesson. This was a very pleasant 
surprise during the visits in schools where pupils are taught according to methods of prof. Hejný and 
research recording this fact could be a possible alternative option for further research that this field offers.  
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